Discrete element numerical simulations of unsteady, homogeneous shear flows have been performed by instantly applying a constant shear rate to a random, static, isotropic assembly of identical, soft, frictional spheres at either zero or finite pressure by keeping constant the solid volume fraction until the steady state is reached. If the system is slowly sheared, or, equivalently, if the particles are sufficiently rigid, the granular material exhibits either large or small fluctuations in the evolving pressure, depending whether the average number of contacts per particle (coordination number) is less or larger than a critical value. The amplitude of the pressure fluctuations is rate-dependent when the coordination number is less than the critical and rate-independent otherwise, signatures of fluid-like and solid-like behaviour, respectively. The same critical coordination number has been previously found to represent the minimum value at which rateindependent components of the stresses develop in steady, simple shearing and the jamming transition in isotropic random packings. The observed complex behaviour of the measured pressure in the fluid-solid transition clearly suggests the need for incorporating in a nontrivial way the coordination number, the solid volume fraction, the particle stiffness and the intensity of the particle agitation in constitutive models for the onset and the arrest of granular flows.
Introduction
Granular materials exhibit a complex mechanical behaviour, even in the case of simple flow conditions, whose study involves interdisciplinary concepts like rheology, plasticity and viscosity.
Depending on both the micro-mechanical properties of the grains (surface friction, collisional inelasticity and contact stiffness) and the macroscopic characteristics of the flow (e.g., velocity and bulk density), different flow regimes exist. Consider, for example, a landslide: immediately after the triggering, it behaves like a solid and a sliding motion takes place; but, if its velocity is sufficiently large, the landsliding evolves into a fluid-like process.
When the system is extremely dense, enduring contacts among grains involved in force chains govern its response, which is mainly rate-independent [7] . In this case, deformations are extremely slow because of the continuous rearrangement of the contact network [16] and the granular material behaves like a solid, able to resist finite applied shear stresses without deforming.
On the other hand, when the particles are widely spaced, force chains are inhibited and collisions dissipate the energy of the system. As a consequence, the medium is strongly agitated, the particles are free to move in all directions and the deformations are rapid [13] . The material response is that of a fluid, that is it yields under shear stress, and stresses are rate-dependent.
The mechanical response of the system during the solid-fluid transition is still an open question [26] , although several constitutive models have been proposed in the literature to deal at least with steady flow configurations [2, 7, 20, 33, 39, 40] . Molecular dynamics simulations based on Discrete Element Method (DEM) have been successfully employed to study granular systems under different flow regimes, configurations and geometries (collections of results can be found in [12] and in [9] ). Whereas several numerical results in the literature concern steady, shearing granular flows [1, 4, 6, 7, 8, 11, 19, 29, 39] , unsteady conditions have been less investigated.
Sun and Sundaresan [37] carried out DEM simulations of unsteady, homogeneous shear flows of frictional spheres at constant solid volume fraction. They focused on the solid regime, where the stresses are rate-independent, and showed that, in that case, the pressure scales with the product of the particle stiffness and the square of the distance of the coordination number, i.e., the average number of contacts per particle, from a critical value.
Here, DEM simulations of unsteady, homogeneous, shear flows of identical, frictional spheres under constant volume allow to investigate the fluid-solid transition. The instant application of a constant shear rate to either an isotropic, random packing (finite initial pressure) or a random, static collection of noninteracting particles (zero initial pressure) forces the system to evolve towards a steady state, while keeping constant the solid volume fraction. Some combinations of solid volume fraction and initial condition lead to a fluid-solid transition governed by the coordination number. There, the pressure does not obey the simple scaling relation observed in the solid regime [37] . Section 2 describes the DEM numerical simulations performed and the specimen preparation procedure for the initial isotropic and static assembly of particles. The results of the simulations are thoroughly discussed in Section 3, while Section 4 provides some concluding remarks. contact model. Then, the normal force between particles at contact is f
, where δ n ij is the normal overlap between particles, k n is the normal spring constant, γ n is the damping coefficient, n ij is the normal unit vector and v n ij is the normal relative velocity. Likewise, the tangential force is f
, where k t is the tangential spring constant, δ t ij the tangential overlap, γ t the tangential damping, t ij the tangential unit vector and v t ij the tangential velocity at the contact point in the case of small overlap. The tangential overlap is set to zero at the initiation of a contact and its rate of change is given by the tangential relative velocity. The rigid body motion around the contact is taken into account to ensure that the tangential displacement always belongs to the local tangent plane of the contact [25, 27] . The magnitude of δ t ij is truncated as necessary to satisfy Coulomb law, i.e., f t ij ≤ µ f n ij , where µ is the inter-particle friction coefficient. The static friction coefficient is constant and equal to its dynamic counterpart. In this simplified framework, the contacts are sticking if f t ij < µ f n ij and sliding if f t ij = µ f n ij . The coefficients of normal and tangential restitution, e n and e t , which relate the pre-collisional and post-collisional normal and tangential relative velocities, characterize the collisions. For the linear spring-dashpot model, the following relationships between the coefficients of restitution, the spring constants and the damping coefficients hold [35] :
2000 particles of diameter d and density ρ p are placed in a cubic box of dimension L (Fig. 1) . The size L of the domain depends on the desired solid volume fraction ν, where, for a granular material composed of identical particles, the solid volume fraction is defined as the ratio of the particle mass density to the bulk density. In all simulations, the normal coefficient of restitution e n is equal to 0.7, the normal spring stiffness k n is equal to 10 7 Pa · m, the tangential spring stiffness k t is equal to 2/7 k n (implying e t = e n = 0.7) and the friction coefficient µ is assumed equal to 0.3. Lees-Edwards [23] periodic boundary conditions along z (velocity gradient direction) and periodic boundary conditions along x and y (flow and vorticity directions, respectively) force the system to be homogeneous in space. To further disregard boundary effects associated with coarse-graining [42] , all measurements are space-averaged over the central region, three diameters distant from the boundaries. The relative motion of the planar boundaries perpendicular to y at constant velocity 2V shears the system at a global shear rateγ = 2V /L.
Simulations have been performed for three values of the constant solid volume fraction ν: 0.59, 0.60 and 0.62. In the case of steady, homogeneous shear flows, the volume fraction determines whether the granular system is solid-like or fluid-like, with the phase transition occurring at the critical volume fraction ν c -the largest volume fraction at which a random assembly of granular material can be sheared without developing rate-independent contributions to the stresses [7] . The critical volume fraction depends on poly-dispersity [21, 30] and friction [7] : for identical particles with µ = 0.3, ν c is 0.596 [7] . Hence, after reaching the steady state, our three specimens are in fluid (ν = 0.59), solid (ν = 0.62) and near-to-critical (ν = 0.60) conditions. At the steady state, there is a one-to-one relation between the critical volume fraction and the critical coordination number Z c , independent of the shear rate [37, 39] . The coordination number Z is an important parameter to describe the granular interaction at large volume fractions, when force chains develop [19] . The evolution in time t of particle pressure p, coordination number Z and granular temperature T (one third of the average square of the particle velocity fluctuations, a measure of the pseudo-thermal agitation of the particles [18] ), is measured for different initial, isotropic, static conditions and shear rates.
Here and in the following, the variables are made dimensionless by using the particle diameter d, density ρ p and normal stiffness k n . Then, the dimen-sionless time, pressure, granular temperature and shear rate are, respectively, t
Preparation
The preparation of the system follows a standard three-step procedure [17, 21] :
(i) 2000 frictionless spherical particles of diameter d and density ρ p are randomly placed with random velocities in the 3D cubic box of initial size L 0 at moderate volume fraction ν 0 (where ν 0 = 2000πd 3 /6L 3 0 ), such that they have sufficient space to exchange places and randomize themselves. At the end of step (i), a static granular gas having zero pressure and coordination number is obtained.
(ii) The friction coefficient value is imposed µ 0 and the granular gas is isotropically compressed to the target volume fraction ν. The cubic box reduces from size
(iii) This is followed by a relaxation period at constant volume fraction ν to allow the particles to dissipate their kinetic energy. In order to shorten the relaxation times, an artificial background dissipation force, proportional to the velocity of the particles, is added, resembling the damping due to a background medium, such as a viscous fluid.
As was stated before, in all stages, e n = e t = 0.7 and k n = 10 7 Pa·m. At the end of the three stages, an isotropic, static granular specimen of volume fraction ν, with a certain coordination number Z 0 and isotropic pressure p * 0 is generated. If stages (ii) and (iii) are preformed with different values of friction µ 0 , different isotropic specimens (i.e, different values of Z 0 and p * 0 ) are obtained. For each volume fraction, the initial static condition can be that of an isotropic athermal (i.e., zero granular temperature) gas, with Z 0 = 0 and p * 0 = 0 or an isotropic random packing, with nonzero Z 0 and p * 0 . For example, Fig. 2 shows the evolution of coordination number (a) and pressure (b), during stages (ii) and (iii), for ν 0 = 0.53, ν = 0.59 and different values of µ 0 , respectively. At t * = 0, the specimens are isotropically compressed until the target volume fraction ν = 0.59 is reached (t * = 1.90 · 10 4 , stage (ii)); then, relaxation is allowed (stage (iii)). During stage (ii), both the coordination number and the pressure increase from zero to a certain value depending on the friction coefficient. When persistent, elastic contacts develop, elastic potential energy is stored.
If, at the end of stage (ii), the system has evolved into an isotropic random packing (for µ 0 = 0.5 in Fig. 2 ), the coordination number and the pressure remain constant during the relaxation stage (iii) and the stored elastic energy is a signature of the force chains spanning the medium.
On the other hand, Z and p * quickly drop to zero during stage (iii), if the system evolves towards an isotropic athermal gas (case µ 0 = 0 in Fig. 2 ). In this case, there are no persistent contacts among the grains and the potential . At the end of the preparation procedure, the friction µ is set to 0.3, and the velocities at the boundaries are switched on so that the global shear rateγ has the desired value, constant in time.
Results
This Section describes the results of the DEM simulations. First, in order to define the mechanical quantities governing the phase transition in granular materials under both static and dynamic conditions (the latter being either steady and unsteady), the results of the preparation procedure on specimens at different µ 0 and ν are used to draw a phase diagram in terms of inter-particle friction, volume fraction and coordination number. Then, the fluid-solid transition in the unsteady regime is analysed in terms of evolution of coordination number, pressure and granular temperature with the accumulated shear strain γ =γt. In particular, the results obtained from slowly shearing initially isotropic athermal gases emphasize the role of the solid volume fraction. Those obtained considering initially isotropic random packings allow to appreciate the role of the initial conditions of the assembly, and, finally, different shear rates at sufficiently large values of volume fraction are accounted for to show the rate-independency attained once the granular material solidifies. Table 1 : Summary of the parameters used in the three-step preparation procedure and corresponding measured values of the coordination number and the dimensionless pressure before the beginning of the homogeneous shearing. 
Phase diagram
The fluid-solid transition in granular materials has been studied in the literature in both static and dynamic conditions, with different protocols [3, 7, 15, 24, 28, 31, 32, 34, 36, 37] . In isotropic, static conditions, the transition from a zero pressure state to a nonzero pressure state is known as jamming transition [24, 34, 36] . Isotropic granular packings, characterized by nonzero pressure and coordination number, are jammed structures, with a contact network percolating in all directions. The jamming transition is defined as a mechanical stable state characterized by zero pressure and finite coordination number, occurring when the system approaches a critical solid volume fraction ν J (minimum volume fraction at which a random isotropic packing exists), whose value depends on the preparation history of the packing [34] . Moreover, there is a relation between ν J and the coordination number at the jamming transition, Z J . The effect of friction on the transition has been numerically investigated by approaching the jamming from below (i.e., isotropically compressing an athermal granular gas [36] ) and from above (i.e., isotropically decompressing a random packing [34] ). The results of the two procedures qualitatively agree and show that both the volume fraction and the coordination number at the jamming transition monotonically decreases for increasing friction.
In the case of steady, homogeneous shearing flows, Chialvo et al. [7] have measured the critical volume fraction ν c at which rate-independent components of the stresses develop, based on the observation that the pressure fluctuations peak at that transition. Sun and Sundaresan [37] identified the critical coordination number Z c governing the same transition by extrapolation to zero of the relation between the pressure and the coordination number. Simple fitting expressions [37] provide the dependence of both ν c and Z c on the friction coefficient:
ν c = 0.582 + 0.058 exp(−5µ); (2) Z c = 4.15 + 1.85 exp(−5µ).
In the same case of steady, homogeneous shearing flows, Ji and Shen (for frictional spheres with µ = 0.5 [19] ) and Vescovi and Luding (for frictionless spheres [39] ) have studied the dependence of the coordination number on the volume fraction, for different values of the dimensionless shear rateγ * (or, equivalently, the dimensionless particle stiffness). They found that the coordination number increases with increasing solid volume fraction. Curves at differentγ * intersect at a critical point ν c -Z c , which is in excellent agreement with the fitting expressions of Eqs. (2) Fig . 4 depicts the phase diagrams obtained at the end of stage (iii) of our preparation procedure, in terms of solid volume fraction ν and coordination number Z versus friction coefficient µ 0 . The boundary between isotropic athermal gases and isotropic random packings obtained with the present protocol is, perhaps surprisingly, well identified by Eq. (2), which, however, do not describe the jamming transition for isotropic random packings observed by Silbert [34] ( Fig. 4(a) ). As demonstrated in [36] , the volume fraction at the jamming point is not unique, but depends on the preparation protocol.
On the other hand, when plotted in terms of coordination number versus friction coefficient (Fig. 4(b) ), Eq. (3) correctly represents the lower limit for the existence of isotropic random packings obtained with the present preparation procedure, and also fits the jamming transition in isotropic random packings Figure 4 : Phase diagrams of the initial conditions obtained at the end of the three-step preparation procedure in terms of (a) volume fraction and (b) coordination number versus the friction coefficient. The initial, static specimen is an isotropic, athermal granular gas (zero coordination number, squares) or an isotropic random packing (finite coordination number, circles). Also plotted are the numerical results for the jamming transition of isotropic random packings (triangles [34] ) and the critical values ν c = 0.596 and Z c = 4.6 inferred from Fig. 3 (diamonds) . The solid lines in Fig. 4(a) and (b) represent Eqs. (2) and (3), describing the phase transition in steady, simple shearing. observed in [34] and the critical coordination number of steady, homogeneous shear flows of Fig. 3. 
Unsteady regime

Slow shearing of initially isotropic athermal gases
The evolutions of the coordination number Z and the dimensionless pressure p * with the accumulated shear strain γ obtained by slowly shearing initially isotropic athermal gases are illustrated in Fig. 5(a) and (b) , respectively. Here, and in what follows, each point represents the average of 10 measurements over a window of amplitude ∆γ = 10 −2 . At t = 0 (γ = 0), a small, dimensionless shear rateγ * = 3.16 · 10 −5 is instantly applied. This can be equivalently interpreted as imposing a small dimensional shear rateγ or a large particle stiffness k n . During the transient regime, the coordination number and the pressure are homogeneous along the flow depth (i.e., constant in space) at each time step, whereas the velocity profiles are initially not linear (for γ < 0.05) as, instead, in simple shear flows. This is due to the instantaneous application of a relative velocity between the boundaries which does not immediately affect the entire granular material. Nevertheless, the non-homogeneity disappears for γ > 0.05, whereγ * is homogeneous in space and constant in time. Fig. 5 shows that the coordination number and the pressure essentially in- crease with time until the steady state is reached, and are closely related, as was previously observed by Sun and Sundaresan [37] in the solid regime. In the case ν = 0.59, the steady state is rapidly reached, with large fluctuations for both p * and Z. This is a signal that the system is always fluid during the simulation, with large fluctuations in the coordination number due to the rapid rearrangement of the particles. The coordination number is always less than 4.6 (dashed lines in Fig. 5b) , i.e., the critical coordination number for the development of rate-independent component of the stresses in steady, homogeneous shear flows (Fig. 3) , but also greater than zero, indicating the presence of particle clusters. The continuous destruction and re-building of clusters gives rise to the observed large fluctuations in both coordination number and pressure. To characterize the fluctuations, in Fig. 6(a) and (b) the standard deviations of the coordination number σ Z and pressure σ p * over the window ∆γ, scaled by the corresponding quantities Z and p * , as functions of γ are plotted. When ν = 0.59, the scaled amplitude of the fluctuations in the coordination number is of order 10 −1 (Fig. 6(a) ). For ν = 0.62, the system presents small fluctuations in both p * and Z during the whole process (Fig. 5) . Indeed, σ Z /Z and σ p * /p * are of order of 10 −3 after a few time steps (Fig. 6 ): this is interpreted as a signature of solid behaviour as long as the coordination number is larger than 4.6. The standard deviation of each quantity is affected by the number of measurements within ∆γ and the amplitude of ∆γ. Nevertheless, σ Z /Z and σ p * /p * for ν = 0.62 are always two orders of magnitude smaller than in the case ν = 0.59, independently of both ∆γ and the number of measurements.
The coordination number and the pressure smoothly increase from 0 to the steady values, with the latter one larger than that at ν = 0.59 by several orders of magnitude. The steady state is reached at γ ≈ 0.5. The chains of contacts spanning the entire domain require time to develop within the specimen and, as a consequence, a clear transient regime is shown in terms of both Z and p * . Once the contact network develops, the very small fluctuations of Z and p * are due to micro-structural rearrangements during shear. The larger the volume fraction, the smaller the fluctuations, since particles are more compacted and cannot easily abandon force chains. We point out that, even in solid conditions, no shear localization is observed and the specimens are homogeneous during the whole transient regime.
Finally, the transition from fluid to solid is evident in the case ν = 0.60. There, the behaviour of Z and p * is initially very similar to the fluid case (ν = 0.59), with large fluctuations in both quantities whose scale amplitude is of order 10 −1 (Fig. 6 ). At γ ≈ 0.3, the system experiences a significant increase in the coordination number and pressure (Fig. 5) , with a corresponding decrease in the scaled amplitude of the fluctuations, now of the order of 10 −3 (Fig. 6 ). At γ ≈ 0.3, the coordination number is approximately equal to 4.6, that is the critical value Z C of Eq. (3).
This analysis suggests that the critical coordination number for the development of rate-independent components of the stresses evaluated in steady, homogeneous shear flows, and for the jamming transition of isotropic random packings, coincides with that evaluated in case of unsteady, homogeneous shear flows. Fig. 7 illustrates the evolution of the dimensionless granular temperature when ν = 0.60. Unlike the pressure and the coordination number, the fluctuations of T * are small when Z < Z C and large when Z > Z C . When the granular material solidifies (Z > Z C ), there are force chains spanning the domain that are continuously broken and re-formed during the shear. A cascade of collisions is generated by the breaking of the force chains, resulting in strong fluctuations of granular temperature. This slightly affects the pressure because, for sufficiently rigid particles, the elastic component of the pressure is much larger than that associated with exchange of momentum [2] . In absence of a contact network spanning the whole medium (under fluid conditions, i.e., when Z < Z C ), the fluctuations in the granular temperature are far less dramatic (Fig. 7) , since the flow is agitated but continuum without abrupt events. Fig. 9 . In the cases ν = 0.59 and ν = 0.60, the coordination number rapidly drops to zero during the first time steps (Fig. 8a) . The instantaneous application of the shearing breaks all the force chains within the initial packing and the system fluidizes (Z ≈ 0). Then, Z and p * increase, mimicking Fig. 5 . As for the case of slow shearing of initially athermal gases, the scaled amplitudes of the fluctuations of coordination number and pressure is orders of magnitude larger if the system is in the fluid regime (Z < Z C ).
Slow shearing of initially isotropic random packings
The response of the material is very different at ν = 0.62 with respect to the case of an initially isotropic athermal gas. If the system is initially an isotropic random packing, the pressure monotonically increases from the static to the steady value (Fig. 8b) , whereas the coordination number initially decreases (γ < 0.06) and then increases (Fig. 8a) , while remaining above Z C . The solid behaviour is confirmed by the small fluctuations of both Z and p * (Fig. 9) . The non monotonic relation between the pressure and the coordination number can be understood given that the system must evolve from an isotropic to an anisotropic solid state. At the beginning, all contacts carry the same load. We can imagine that, during the initial stage, some contacts are lost due to shear, while the remaining experience an increase in their loads. As a consequence, the coordination number, which includes particles with zero (floaters) or one contact (rattlers) [14, 21] , even if they do not participate to the contact network, decreases even though the pressure increases. The phenomenon numerically observed in case of ν = 0.59 and 0.60 ( Fig. 8a  and b) is analogous to what experimentally obtained in case of loose sands and known as static liquefaction in the geotechnical literature [5, 10, 22] .
Dependence on the shear rate
So far, it has been suggested that granular materials subjected to unsteady, homogeneous shearing experience a fluid-solid transition when the coordination number exceeds a critical value; and the transition has been identified by observing completely different amplitudes in the fluctuations of pressure and co-ordination number, at least for slow shearing and/or sufficiently rigid particles, in the two regimes. Although a criterion based on the fluctuations in the pressure has been already suggested for identifying a phase transition in the case of steady, homogeneous shearing of granular materials [7] , it has also been shown that phase transition implies the development of rate-independent components of stresses. The influence of the dimensionless shear rate on the evolution of the coordination number and its fluctuations are illustrated in Figs. 10-12 for the three volume fractions investigated. These figures refer to the case in which initially isotropic athermal gases are sheared. Three values of the dimensionless shear rate are applied. Large values ofγ * are equivalent to either small particle stiffness k n , i.e. soft particles, or rapid shearing. As is shown in Figs. 10-12 , the fluctuations of the coordination number are strongly affected by the dimensionless shear rate if Z < Z C and decrease for increasingγ * . Conversely, the scaled fluctuations of the coordination number (and also of the pressure, not shown here for brevity) are rate-independent when Z > Z C , reinforcing the idea that the fluid-solid transition takes place at Z = Z C . The same effect is shown in Fig. 13 where the cases of initially, isotropic random packings, with p * 0 ≈ 2·10 −3 , are considered for the three volume fractions. It is evident that the initial drop in Z is severely affected byγ * when ν = 0.59 and 0.60 ( Fig. 13a and  b) . Conversely, such a dependence seems to disappear when ν = 0.62 (Fig. 13c) .
Finally, in Figs. 14(a) and 14(b), in case of initially isotropic athermal gas, the dimensionless pressure and granular temperature as functions of the coordination number for different shear rates and volume fractions are shown (all the data plotted in Figs. 10-12 are here considered) . At large values of the coordination number, far from Z c , the measurements of p * collapse onto the scaling relation observed by Sun and Sundaresan [37] in the solid regime:
(solid line in Fig. 14a ). In contrast, the data do not superimpose when Z < Z C , given the rate-dependency of the pressure in the fluid regime. Near the critical coordination number Z ≈ Z C , even in the solid regime, a not negligible ratedependency is evident. In Fig. 14(b) , the granular temperature is roughly constant at a given dimensionless shear rate, for any value of the coordination number, that is in both fluid and solid conditions. As was already observed in Fig. 7 , large fluctuations affect T * when Z > Z c , putting in evidence the collapse of force chains in the solid regime. Figure 14 : Dimensionless (a) pressure and (b) granular temperature versus the coordination number for different dimensionless shear rates when the specimen is, initially, an isotropic athermal gas. The solid line represents the scaling observed by Sun and Sundaresan [37] in the solid regime.
Concluding remarks
The fluid-solid transition in granular materials has been investigated by performing discrete numerical simulations of unsteady, homogeneous, shear flows of identical, inelastic, soft spheres at constant volume. A constant shear rate has been instantly applied to either an initially isotropic athermal gas or an initially isotropic random packing. For some combinations of the initial conditions and the constant volume fraction both fluid-solid and solid-fluid transitions have been observed. At slow shearing and/or large stiffness of the particles, the fluid granular assembly exhibits fluctuations in both pressure and coordination number whose amplitude is two orders of magnitude larger with respect to the same material under solid conditions. Analogously, the fluctuations of granular temperature are particularly pronounced in the solid regime, whereas seem to disappear under fluid conditions. This is due to the collapse of force chains and to the transformation of the elastic stored energy into kinetic energy when a network of contact forces develops within the medium which is continuously broken and re-built during the shearing process. For rapid shearing and/or for small stiffness of the particles, the difference in the fluctuation amplitude is much less evident. However, the fluctuations are rate-independent in the solid state, allowing to clearly identify the phase transition. The fluid-solid transition in unsteady, homogeneous shear flows is characterized by a critical value of the coordination number, independent of the imposed volume fraction and the shear rate. Such a critical coordination number coincides with that already defined in the past with reference to steady conditions. Finally, our results indicate that both the coordination number and the shear rate need to appear in constitutive models for the onset and the arrest of granular flows.
